Introduction
In connection with the variations of Hodge structures (VHS), a number of authors have tackled the higher differentials of the period map.
A first definition of second fundamental form for a VHS of odd weight is given in [ 1 ] . More recently, Karpishpan [7] has defined a 2ff for VHS and showed a way to compute it for VHS coming from geometry, using Archimedean cohomology. In the case of curves, he asks whether this 2ff, at any given point, lift I2(Kx) ~ HO(K4), the second Wahl (or Gaussian) map for the canonical bundle.
In the projective case, second (and higher) fundamental forms are defined for algebraic varieties, with respect to a fixed projective embedding (cf. [6] , [8] ).
In [3] , with reference to unpublished work of Green-Griffiths, it is reported that the projective 2ff (in the sense of [6] ) of any local Plucker embedding of the moduli space of curves gives, as a quotient, the second Wahl map of the canonical line bundle. In this paper we define a family of maps, that we propose to call HodgeGaussian maps, existing under very general conditions, namely for line bundles over compact Kahler manifolds. When applied to the canonical bundle, the Hodge-Gaussian map is a 2ff naturally associated to a deformation of the manifold (see Theorem 2.1). If we are dealing with curves, we answer in the affirmative to the question asked in [7] , consistently with the statement of [3] , cited earlier. Actually, our result holds in a more general setup than those of both [3] and [7] , in that it concerns not only the canonical bundle, but any line bundle on a curve. Also, the possibility of making explicit computations, at least in the case of curves, as in Lemma 3.2, seems to the authors a step towards understanding the curvature of the moduli space of curves.
The starting point for this paper was a construction of one of the authors (cf. [10] ), that turned out to be a special case of ours. The hunch that it should be a kind of 2ff, and an attempt at understanding it as a lifting of a Wahl map, in the spirit of Green-Griffiths, lead us to the present results.
The main idea underlying all of our maps is the following:
Let L be a line bundle over a compact Kahler manifold X, with h°(L) &#x3E; 1. This observation allows us to generalize the construction to a map defined for line bundles L on X.
Set I2(L)
Actually, the basic trick in the definition of the map is a switch from 5 to a, and it works also in more general situations, provided some kind of harmonic decomposition exist, for which the principle of two types holds. This is the case for harmonic bundles, which admit the same kind of maps. Such a generalization is not gratuitous, but with an eye towards finding interactions between Hodge theory and the equations defining an algebraic variety.
The authors' opinion is that the main interest of the present paper resides in the construction of a natural map p, not hiterto known in the literature. Indeed, in the published account [3] of the work of Green-Griffiths cited above, there is no mention of it.
Several people, whose encouragement we gratefully acknowledge, held the opinion that the non-holomorphic map p could be a suitable projection of an algebraic one. Its being non-holomorphic is likely to be the main obstruction to a more systematic use of p in algebraic geometry. However, a most likely application of p should be found in the investigation of the curvature properties of certain moduli spaces, a fact that would nicely tie in with the non-holomorphicity. On the other hand, also the 2ff defined in [7] is non-holomorphic even though this fact is somewhat shrouded in the use of Archimedean cohomology.
The paper is organized as follows:
In Section 1 we define the Hodge-Gaussian map whose construction is outlined above. We also note some formal properties of the map, which are summarized in Proposition 1.10.
In Section 2 we compare our map and the 2ff. can also be defined, perhaps more intuitively, thinking of P E Ik(L) as a polynomial of degree k vanishing in h , P (~.) = 0. We claim that 1/1 is a-exact. Indeed, ah is a-closed, (because ah = Klco, with the harmonic forms) so the principle of two types implies that a h = -a a f, or, equivalently, a (h + a f ) = 0. Therefore, h + a f has harmonic decomposition h + a f = t + al.
It follows that 1/1 = ah = a(h + af ) = 9r + sal '= a(-al). For ease of reference, we collect here a few well known facts about Wahl maps and Schiffer variations (see e.g. [13] and [4] ). Locally around P, r E 0 KC) has the form r dz) 0 (Oi 1 (9 dz).
Thus
On the other hand,
constant, it is enough to show that, for any P E U, k ~ = (m o p ) ( Q ) ( P ) , hence, for some constant h, As before write Xi = By (5) and, by (2) 9h:
Write T (z) : = then the value of the last integral is Note also that, when E = F, I2(E) is a submodule of R2(E, E). 
